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ABSTRACT

Most of the research on dictionary learning has focused on developing algorithms under the assumption that data
is available at a centralized location. But often the data is not available at a centralized location due to practical
constraints like data aggregation costs, privacy concerns, etc. Using centralized dictionary learning algorithms
may not be the optimal choice in such settings. This motivates the design of dictionary learning algorithms that
consider distributed nature of data as one of the problem variables. Just like centralized settings, distributed
dictionary learning problem can be posed in more than one way depending on the problem setup. Most notable
distinguishing features are the online versus batch nature of data and the representative versus discriminative
nature of the dictionaries. In this paper, several distributed dictionary learning algorithms that are designed to
tackle different problem setups are reviewed. One of these algorithms is cloud K-SVD, which solves the dictionary
learning problem for batch data in distributed settings. One distinguishing feature of cloud K-SVD is that it
has been shown to converge to its centralized counterpart, namely, the K-SVD solution. On the other hand, no
such guarantees are provided for other distributed dictionary learning algorithms. Convergence of cloud K-SVD
to the centralized K-SVD solution means problems that are solvable by K-SVD in centralized settings can now
be solved in distributed settings with similar performance. Finally, cloud K-SVD is used as an example to show
the advantages that are attainable by deploying distributed dictionary algorithms for real world distributed
datasets.

1. INTRODUCTION

Two main themes we can observe in data generated these days are: (¢) there is massive amount of data and (i7)
data are distributed across networked nodes/sites/agents*. Examples of such sources include datacenters, large-
scale sensor networks, surveillance cameras, medical data in hospitals, etc. For solving information processing
tasks like estimation, prediction, detection, etc., we require a model that can represent the observed data with
high accuracy. Our focus in this paper is on learning a good model from observed, distributed data. Traditionally,
subspace-based methods like principal component analysis have been used successfully for learning the model
from observed data. Union-of-subspaces (UoS) model is a generalization of subspace model and has been shown
to perform better for many information processing tasks (e.g., information processing tasks' ?). Data-adaptive
methods for learning a UoS model from data of interest have been studied under the rubric of dictionary learning
in literature.?®

The goal in dictionary learning is to learn a dictionary D € R™*¥ from a set of training data {y;}:_, such
that each data sample can be represented by a few columns/atoms of D. More precisely, the goal is to find a
dictionary such that we can represent any sample using no more than 7 columns of D, where Ty < n < K.
Dictionary learning has found applications in image processing,''? hyperspectral imaging,® etc., and efforts have
been made towards solving dictionary learning problems in an efficient manner; some examples of this include
3], [4], [7], [2], and [8].

Most of the work on dictionary learning assumes availability of training data at a centralized location.
Recently, contributions have been made towards solving the dictionary learning problem when data is distributed
across a network of sites.” !¢ Distributed dictionary learning algorithms proposed in [9-13] deal with the case
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Figure 1. Batch data distributed across different sites in the network.

of batch data. Similar to [5] in centralized dictionary learning, [9] and [13] solve distributed dictionary learning
problem by solving the underlying optimization program using gradient descent. On the other hand, [9] uses
the diffusion-based strategy'” to perform distributed optimization, while [13] proposes EXTRA-AQ algorithm
that extends the distributed optimization method called EXTRA,'® which is a consensus-based!'® algorithm.
Furthermore, [13] provides analysis that shows that EXTRA-AQO algorithm converges to a stationary point of
the optimization program. It is also shown empirically in [13] that under certain conditions, the algorithm
proposed in [9] will not converge. Next, [12] and [11] also solve the distributed dictionary learning problem for
batch data settings by providing distributed implementations of the centralized K-SVD algorithm.? While both
the methods perform sparse coding steps locally at each site, they differ in the way they perform the dictionary
update step in a distributed way. Specifically, [11] uses distributed version of power method?" to perform the
dictionary update step, while [12] uses ADMM-based distributed optimization approach?! to achieve the goal.
Due to this difference in the two approaches, [11] is able to provide convergence analysis , while no such guarantees
are provided in [12].

Algorithms proposed in [14-16] solve the distributed dictionary learning problem for online settings. The
authors in [15] pose dictionary learning problem as a recursive least squares problem and use D-RLS?? algorithm
to solve the resulting optimization problem. On the other hand, [16] learns a discriminative dictionary for online
settings in a distributed manner using a variant of the Arrow-Hurwicz saddle point algorithm.?? Finally, [14]
learns only a segment of dictionary at each site in online settings.

To summarize, this paper reviews the algorithms developed to solve the dictionary learning problem when
data is available only at different distributed sites. In the following we will first formally define the distributed
dictionary learning problem for different settings in Section 2, distributed dictionary learning algorithms are
reviewed in Section 3, and a detailed discussion of the cloud K-SVD!! algorithm is provided in Section 4.

Notation. We use lower-case letters to represent scalars and vectors, while we use upper-case letters to
represent matrices. Given a vector v, supp(v) returns indices of the nonzero entries in v, ||v||, denotes its ¢,
norm, ||v||o counts the number of its nonzero entries, and superscript (-)7 denotes the transpose operation. We
use 1 to denote a vector of all 1’s. We define W to be a doubly stochastic matrix, i.e., 1TW = 1T and W1 = 1.
Given a set Z, vz and Az denote a subvector and a submatrix obtained by retaining entries of vector v and
columns of matrix A corresponding to the indices in Z, respectively. Given matrices {4; € R™>*™i}N " the
operation diag{A;,..., Ay} returns a block-diagonal matrix A € R2="*2 "™ that has A;’s on its diagonal.
Finally, given a matrix A, a; and a;r denote the 4" column and the j** row of A, respectively.

2. PROBLEM FORMULATION

Consider a dataset Y € R"*5 where S is the total number of samples in the dataset and n is the dimensionality
of each sample. Now consider that dataset Y is distributed across a number of geographically distributed and
interconnected nodes/sites and any site i has only access to the local samples Y; € R"*5 as shown in Figure 1.
Here S; is the number of samples at site i. Mathematically, we can represent the communication topology of these
interconnected sites by an undirected graph G = (N, ). Here, N = {1,..., N} is the set of sites in the network
and & is the set of edges in G, where (i,i) € £ and (4,j) € £ whenever site ¢ can communicate directly with



site 7. Next we highlight different settings considered for data acquisition at any site ¢ in distributed dictionary
literature. Specifically, the following three cases have been considered for distributed dictionary learning.

1. In [9-13], batch data settings are assumed, i.e., complete batch data Y; is available at any site i before
start of the dictionary learning algorithm.

2. In [15] and [16], streaming data setup is considered and it is assumed that in each iteration ¢ of dictionary
()

learning, we observe a new data sample y, ’ at each site .

3. In [24] and [14], an online setup is once again assumed with the difference from [15] and [16] being that in

each dictionary learning iteration ¢, a new sample yf-t) is observed at some subset of sites N7 C N.

In all three of these cases, the goal of distributed dictionary learning is to learn a dictionary D € R™*K at
each site such that each sample in Y can be represented using a few columns (called atoms in dictionary
learning literature) of D. We can pose this distributed dictionary learning problem as an optimization program.
Depending on the problem setup and the sparse coding method used in the dictionary learning formulation, the
form of optimization program varies in different cases. In the following, we provide a general description of these
optimization programs.

2.1 Constrained optimization for batch data
In the case of a centralized dataset available in a batch setting, dictionary learning can be posed as the following

optimization problem with a constraint on fp-norms of representation vectors:

(D, X) :arg%li)rgHY—DXH% s.b. Vs, ||zs|lo < To. (1)

This problem can be efficiently solved using the K-SVD algorithm.? In the case of distributed data, we can write
(1) as follows:

N
N\ _ ; - 12 i )
(D {X}Y)) = arg = min S IY: = DX[[3 st Vi s, [|2isllo < To. (2)

’ =1 =1

Methods proposed in [11] and [12] solve this optimization problem by developing distributed variants of the
K-SVD algorithm.

2.2 Unconstrained optimization for batch data

The dictionary learning problem in the case of a centralized, batch dataset can also be solved as an unconstrained
optimization problem as [5]:

1
(D, X) = argmin = (|IV = DX} + A X)), (3)

Distributed variants of the dictionary learning problem posed in (3) have been solved in [9] and [13]. Specifically,
[13] poses this problem as the following unconstrained optimization problem:

N K
. 1
(DAXYL) =arg | min, 53 (1Y = DXillf + AlXilh) + 3 ellda 3 (4)

A= 2 e k=1

Here, d}, is the k' atom of dictionary D, the regularization term in (4) promotes sparsity in coefficients X, while
the second regularization term ensures the columns, dj, of dictionary are bounded. Further, the optimization
problem solved in [9] has the same form as (4), with the exception of the last regularization term (regularization
of dk)



2.3 Online optimization for dictionary learning

In the case of streaming data, [4] provides a solution to the dictionary learning problem. Defining the convex set
D:={DeR"¥st. Vj=i,...,K, djd; <1},

[4] solves the following optimization problem in iteration ¢:

t
1 1
D® x) = : - g™ — papm)2 (m) )
(00,3 <o min 5 (G - a4 A )

In the case of distributed, streaming data, [14—16] solve a similar online problem for distributed online data as
follows:

(DW, X) = arg

1N
1tz:l

t
. L (m) (m)2 (m)
pep it 730 3 (G - DI A ) ©)

More details on how [14-16] solve (6) are provided in Section 3. It is important to point out here that al-
though [14-16] solve the distributed dictionary learning problem for streaming data, the underlying dictionary
learning problems they solve are different. In [15], the problem that is solved is more closely related to the one
solved in [4] for the centralized setup, i.e., learning a dictionary for data representation. On the other hand, the
goal in [16] is to learn a discriminative dictionary for classification purposes. It is therefore more closely related
to the dictionary learning problem solved in [7] for the centralized setup involving streaming data. Finally, [14]
differs from all the other distributed dictionary learning approaches since its goal is to learn only a portion of
dictionary at any given site ¢, in contrast to learning a common dictionary at all sites.

3. ALGORITHMS FOR DISTRIBUTED DICTIONARY LEARNING

Recall that formulation of the distributed dictionary learning problem depends on the choice of sparse coding
algorithm, underlying information processing task (i.e., representation or classification), and dataset properties
(i.e., batch or online settings). Table 1 lists the works that have studied the distributed dictionary learning prob-
lem under these different settings. Notice also from different formulations of the dictionary learning problem as
an optimization problem in Section 2 that the dictionary learning objective function is not convex in dictionary
D and coefficients X simultaneously. Nonetheless, the objective function is convex in both the variables sepa-
rately. Due to this reason, centralized as well as distributed algorithms employ alternate optimization (AO) to
solve the problem. Another common theme in distributed dictionary learning algorithms, with the exception of
[14], is that sites perform sparse coding locally without any interactions with other sites. The reason [14] differs
from the other algorithms is because it learns a part of the dictionary at each site, as opposed to learning a full,
common dictionary at each site. In the following, we review the solutions provided by the different works listed
in Table 1 for different settings.

3.1 Batch distributed data

We first review the implementation details of distributed dictionary learning algorithms proposed for batch data
that is distributed across different sites.

3.1.1 Dictionary learning using diffusion adaptation

In [9] a solution is provided for the optimization problem given in (4). The sparse coding step in [9] is solved locally
at each site ¢ using the basis pursuit algorithm [25, p. 161]. For distributed implementation of the dictionary
update step, [9] uses the diffusion adapt-then-combine (ATC) strategy [17, Chap. 7, p. 459]. Specifically, the
distributed dictionary update step at site ¢ and iteration ¢ of dictionary learning is given by following equations:

[ %

.Dt(t) = Z wi,l l(t) (7)

leN;

o =DV 40y (V- DIVX ) X7, and



Common dictionary at sites | Partial/segments of a dictionary at each site
Batch Settings [9-13] -
Online Settings [15], [16] [24], [14]

Table 1. Different possible setups for dictionary learning problem and their proposed solutions.

Here, a; is the step size, N; is the neighborhood of site ¢ (i.e., set of sites with which ¢ can communicate

2
< IxOlr
directly) and wj; is the i*" row of a doubly stochastic matrix W, which is defined based on the interconnection
among sites in the network (i.e., w; ; = 0 if sites ¢ and j are not connected and w; ; > 0 otherwise). Numerical
simulations in [9] show the efficacy of the proposed algorithm by recovering a dictionary from synthetic image
patches and showing that the recovered dictionary resembles the dictionary learned using the centralized version
of algorithm.

3.1.2 Dictionary learning using consensus based optimization

The work in [13] provides another solution to the optimization problem given in (4), which is termed EXTRA-
AO. In [13], the sparse coding step is performed locally using proximal method in [26]. Next, [13] uses the
EXTRA'® algorithm to update dictionary in a distributed manner. For step size @ > 0 and fi(DEtfl), Xi(t*l)) =
IlY; — DEtil)XZ-(tfl) |%, dictionary update in iteration ¢ of EXTRA-AO algorithm is given by

. Sen wi; DY —avp fi(DY Y, x 7YYt =1,
DY =

DYV 43 e wi DYV —avp (DY TV XYy - S i DS TP+ aVp f(DETP X TR i > 1.

J

(8)

Here, a > 0 is the step size, Vp f; is the gradient of local function f; with respect to D, w; ; is the (¢,7)"" entry

of matrix W, which is defined as W = (W + I)/2 for a doubly stochastic matrix W. Furthermore, [13] provides
()

i

)th

convergence analysis and shows that as ¢ — oo, D, and Xi(t) converge to the stationary point of the objective

function in (4) [13, Proposition 1].

3.1.3 Distribued K-SVD

Like centralized K-SVD,? the distributed dictionary learning algorithms proposed in [11] and [12] use orthogonal
matching pursuit (OMP)?7 for the sparse coding stage. Since both the algorithms are learning a complete
dictionary at each site ¢, we can perform sparse coding locally at each site. For dictionary update, K-SVD
updates one dictionary atom at a time. In order to update one atom at a time, K-SVD solves the optimization
problem in (1) by fixing K — 1 atoms of the dictionary and optimizing over the remaining atom. For dictionary
atom k, (1) can be rewritten as
2
N K
t) (¢ . t) (¢ ) (¢
(dE,Z,J;E,lT) = arg min Y; — Z d®z® — dg,)cxgllT . 9)

i\j, T
d xT 7‘7] ’L7J7
kot T j=1,j#k P

Cloud K-SVD!! solves this problem using a distributed variant of power method,?"2?® which is a numerical
method for computing the dominant eigenvector of a matrix. In contrast, [12] solves the objective function (9)
using ADMM?! for distributed optimization of (9). Due to the difference in methodology, [11] is able to prove the
convergence of the cloud K-SVD solution to the centralized K-SVD solution, while no such analysis is provided
by [12]. More details on cloud K-SVD algorithm will be provided in Section 4.

3.2 Online distributed data

The distributed dictionary learning problem for online settings is solved in [15] and [16]. In [15], dictionary
learning is carried out for the representation problem, while the goal in [16] is to learn a discriminative dictionary
for solving the classification problem.



3.2.1 Distributed online dictionary learning for data representation

n [15], (6) is recast to solve for one row of the dictionary at a time using the D-RLS algorithm.?? In iteration

T, of dictionary learning, for updating j** row dgd% of dictionary DgT"') at site 4, [15] solves the following
optimization problem:

N T,
(T4) T, t t) T,.(t))2 _ -
d; ]dT = argdné]anK —Td El ; 1( TSy —diw T st di =dy, VIE N (10)

Here, ¢ € (0,1] is the forgetting factor. This problem is solved in [15] using D-RLS?? algorithm, which uses
ADMM?! to solve the distributed optimization problem. Specifically, in iteration T, of dictionary learning, [15]
computes the following two quantities:

(I)(_Td) P! (Ta— 1)+ (Td) (Td)

)

p = e 1)erfT”) ET”’)- (11)

In each dictionary learning iteration t, [15] performs R iterations of the RLS algorithm.?? We can write La-

grangian function of the optimization problem (10) using Lagrange multiplier v. In iteration r of RLS at site 4,
for all the neighboring nodes | € N, the Lagrangian multipliers are updated as:

Tq,r Tq,r—1 & Tq,r—1 Tq,r—1
v = Uz(,l,dj i i(dz(',j(fT )~ dl(,j(,lT ))- (12)

(A

Using (11) and (12), the update for row j of dictionary is given by

Ty )" (T c -1 Tyr—1 Tyr—1 1_(ry—? Tur Ty
digy) = o pi 4+ ST N YT e ) = sel™ Y ey — ). (13)

leNi\{i} leN;

In order to establish the efficacy of the proposed approach, [15] provides numerical simulations using synthetic
data.

3.2.2 Distributed online dictionary learning for data classification

For classification problem let variable z denotes the classifier and label ugt)

t, [16] solves the following optimization problem

at site ¢ in dictionary learning iteration

(T) (T) _ (t) O _ _
{Di u a }Z . argDienDugEZTd;;h (D, zi; (y; 'y ') st. Dy =Dy, z =2z, leN,. (14)

Here, h is logistic loss, defined as

1
1+ exp (—u” 2]l (Dy; 9"))

K2

h(DiaZiv( (t)7 'Et))) .

’L

(15)

(t)

where, xE )(Dz,y( )) is the sparse code of sample y, ’ using dictionary D;. We can write Lagrangian function

of the optimization problem (14) using Lagrange multipliers A and v. For some step size e; > 0 chosen as
O(1/t), [16, Algorithm 1] provides following update for the primal variables

DI = DO — (¥, hi(DP =03 (5 ™)) + 3 (A0 — AY), and
leN;

ZZ(tJrl) (t — (Vs by (Dl(t’ z(t)é( y®, Z )+ Z v —Vz(? ) (16)
leN;



The dual variables are updated as'®

AT = A + e (DY — DY), and

Z7

t+1 t t+1 t+1
Vi(,l )= Vz'(,l) + Et(zz‘( )~ Zl( ))‘ (17)

Convergence analysis provided in [16] shows that the proposed method asymptotically achieves, in expectation,
the first order stationary conditions for the primal variables (i.e., gradient of Lagrangian with respect to primal
variables D and z will be zero). Furthermore, feasibility conditions are shown to be satisfied in expectation
asymptotically (i.e., gradient of Lagrangian with respect to dual variables A and v will be zero). Finally, [16]
provides simulations on real world data to prove the usefulness of proposed method.

3.3 Learning a partial dictionary

All the algorithms we have studied so far were learning the complete dictionary D at each site ¢ in the network.
In contrast, [14] learns only a segment of a dictionary at each site, i.e., D is distributed across the network such
that D = [Dy - - - Dy, where D; is the segment of dictionary at site i. Another difference in the setup considered

in [14] is that every new data point ygt) is only observed by some set of sites, i.e., N7 € N. In contrast, other

methods assume every site 7 observes a unique data point ygt) at time ¢. Due to these difference in the problem
setup, the optimization problem (6) looks different for this scenario. Specifically, the problem is different in

following two aspects:

1. In all the other methods, since each site has access to the full dictionary after each dictionary update step,
each site is able to carry out sparse coding locally. In the case of partial dictionary learning, each site only
has access to a segment of dictionary, because of which we need to perform the sparse coding step in a
distributed manner.

2. For the case of complete dictionary learning, one can write the objective function as a ‘sum-of-costs’ (cf.
Sections 2.1, 2.2, and 2.3), while in the case of partial dictionary learning, we are dealing with the case of
‘cost-of-sum’.

In terms of the details, the objective function for sparse coding step in [14] is given as follows:

N N
{o*tien =arg min f) =" Dizg) + > by, (2:). (18)
{zi}tien =1 i=1
Here, h,,(.) is a regularization term which is given as h,, (x;) = ||z;||1 for sparse coding problem (formulations

for some other problems are given in [14, Table. I]). Since (18) is not amenable to distributed computations in
its present form, [14] considers the dual form of (18). The dual problem for (18) at site ¢ is given by

—uTy® 1o . .
(1) W+ v W) R (D), i€ N

2 (v)+h: (D), i ¢ NT.

Here, f* and hj, are conjugate functions of f and h,,, respectively. Next, in any iteration ¢ the objective is to
learn a dual variable ®) that minimizes the dual problem across all the sites, i.e.,

N
v = arg minz Ji(y;y?)) s.t.v e Vy. (20)

i=1

Where Vy is the domain of f(.). This distributed optimization problem is solved in [14] using the diffusion

strategy.!” By performing enough diffusion iterations for each sample ygt), each site ¢ converges to an estimate



VZ-(t) that is close to the optimal value v*). Once we have an estimate for v(!), and if f and h,, are strongly

convex, we can compute primal values as follows:

xl(.t) = arg maX(DiTl/i(t))Txi — hg, (). (21)

Zq

®

Now using an estimate of the sparse code z; ' at site ¢, we can update dictionary D; locally as follows:

DY =Tip, (prox,,, s, (DI + pavPa)), (22)

wi-hp,

where, prox,,, , (.) is the proximal operator and is defined as,

. 1
Pr0%, 1, () i= argmin (ihp, () + 5~ 2.
Finally, the effectiveness of the algorithm in [14] is shown by performing simulations over real world datasets.

4. CLOUD K-SVD

In Section 3, we briefly reviewed the algorithms proposed for distributed dictionary learning. Among these
methods, cloud K-SVD!! is the only method that has been shown to converge to one of the centralized algorithms
(K-SVD?). Over the past few years, usefulness of K-SVD to different data processing tasks has been studied
extensively. Since cloud K-SVD converges to the same dictionary as the centralized K-SVD (see Section 4.2), it
can be used to solve similar problems in distributed settings. In this section we provide a detailed description of
the cloud K-SVD algorithm for distributed dictionary learning in batch data settings.

4.1 Algorithm

Cloud K-SVD solves the dictionary learning problem posed in (2) by means of alternating minimization, i.e.,
fixing one variable at a time and optimizing over the other variable. We initialize cloud K-SVD with same

dictionary D™ at each site. In iteration ¢ of cloud K-SVD, we ﬁl“bt fix dictionary D(t and update sparse

) for each sample y; ; at site ¢ if we know

the dictionary at site ¢. Next we fix Xi( ) and update dictionary DZ( ). In order to update dictionary, we do

need access to complete dataset and also the coefficients corresponding to all the samples. Since we cannot
aggregate data at a centralized location, we need to develop an algorithm to perform dictionary update step

code XZ-(t). It is clear from (4) that we can compute sparse code z;

in a distributed manner. Cloud K-SVD updates dictionary Dgt) by updating one dictionary atom at a time.
Furthermore, in addition to updating d, K-SVD? proposes simultaneously updating coefficients corresponding
to atom dy, denoted by xy 7. Here, 2, 1 is a row vector comprising k" row of matrix X. For updating dictionary
atom d; j, and coefficients, z;  r we can rewrite (2) as follows:

t t t
(dg) E;T)_arg H;Hl Z”Y_ Z dl] E])T d'EIZ: sz”F (23)
dy, Tk, T =Tk
5

In order to simplify computatlons K-SVD? further defines an ordered set wk ={s:1<s<8 x,(:)T( ) # 0},

where x,(c)T(s) denotes the s element of ac,(C )T, and an S x |w,C | binary matrix Q( )

that has ones in (w,(C )(s), s)
locations and zeros everywhere else. For distributed setup we define QE ,1 such that Qg) = dlag{QLk, ey g\t,)k}

Then, defining E( ) wr = E kQ(tll and ;v( ) TR= xv(t,)c TQ%? we can rewrite (23) as



(dl(f,)€7 xiflz ) = arg min Z | E;. kQ(t) drx; , TQ( kHF

Ay, Ti,k, T “ —

()
= argd:fg?TZ”Esz dkffszR”F (24)
Solving this equation is equivalent to finding the best rank-one approximation of E,(:}% : [E?,)g Ry Ex)k Rl

which is given by the Eckart-Young theorem as d( ;x,(ct)R = oyu1v7, where u; and v; denote the largest left-

and right-singular vectors of E,(C %3, respectively, while o1 denotes the largest singular value of E( ) Since the

N
dominant left singular vector of £} () g is actually the principal eigenvector of E, (t) E,(f}% = va 1 Eft;i REft,g Ry We

can use distributed power method20 to compute d( ) as shown in Steps 7-18 of Algomthm 1. The distributed power

method used to compute dE,)C in Algorithm 1 rehes on consensus averaging to obtain an estimate of eigenvector
at each site i (Steps 10-14 in Algorithm 1). Consensus averaging works under the assumption that we have a
connected graph G. Based on the topology of G, we define a doubly stochastic matrix W (i.e., 1TW = 1T and
W1 = 1). More specifically, matrix W is designed such that, (i,5)"-entry of W, w; ; > 0 if sites i and j are
connected and w;; = 0 if the sites are not connected. Using this matrix W, each site computes weighted sum

of values of its neighboring sites in each iteration of consensus algorithm as shown in Step 13 of Algorithm 1.

Once we learn dE +» We can compute xgt,z Ry the segment of a:,(c)R at site 7, using mg kR = dgtk Z(tlz’R (Step 18 in

Algorithm 1). We keep on repeating this process until a stopping criterion is reached.

4.2 Convergence results

In this section we discuss convergence behavior of cloud K-SVD algorithm. Since in practice we cannot perform
infinite consensus iterations and power method iterations, this will result in numerical errors in the dictionary
update part (Steps 4-18 in Algorithm 1). Due to these errors it is not clear whether dictionaries, Dl(t)7 learned
using cloud K-SVD will be close to the dictionary learned using centralized K-SVD. Results in [11] show that
under some assumptions on centralized K-SVD and network connectivity, if we perform enough consensus iter-

ations 7. and power method iterations 7}, the difference between the outer-product of columns of dictionaries

returned by cloud K-SVD {Dgt)} and the centralized dictionary D® is small in fo-norm. In the following we
will summarize the convergence results proved in [11].

4.2.1 Algorithmic assumptions

[A1] (Lasso for sparse coding) For the purposes of analysis, [11] assumes both cloud K-SVD and centralized
K-SVD use the lasso?® method for computing sparse codes (Step 3 in Algorithm 1). Specifically, it is
assumed sparse coding is carried out by solving

Tis = arg min 3lyis — Dall3 + rllzll (25)
x

with the regularization parameter 7 > 0 selected in a way that ||x; s|lo < To < n. This can be accomplished,
for example, by making use of the least angle regression algorithm.3® It is important to note here that
while [11] uses lasso for the purpose of analysis, other methods like orthogonal matching pursuit (OMP)
can be used for sparse coding step and similar kind of analysis can be performed for these methods as well.

[A2] (Network connectivity) We assume that the set of nodes N form a connected network, i.e., any node in the
network can reach any other node.

[A3] (Identical initialization) Cloud K-SVD and centralized K-SVD are identically initialized, i.e., DEO) =
DO i =1,...,N, where D® t >0, in the following denotes the centralized K-SVD dictionary estimate
in the ¢ iteration.



Algorithm 1: Cloud K-SVD for distributed dictionary learning using batch data
Input: Local data Y7,Y5, ..., Yy, problem parameters K and Tj, and doubly-stochastic matrix W.
Initialize: Generate d"¢f € R™ and D™* ¢ R"*X randomly, set ¢t + 0 and Dl(t) «— D"t i=1..., N.
1: while stopping rule do
2: t—t+1
(Sparse Coding) The i site solves Vs, z; (t)

3 »Lis
4: fork=1to K (Dictionary Update) do
t t ) (t t K t—1) (¢

5 Ef,;z,R — )/ZQEIZJ - Z_] 1 d(,_]) EJ)TQEI)c Zj:k-H dz(‘,j )zT(_j)TQ’EI)C
T

6 M+ E") 2Eixr®

7

8

9

— arg Hlln Hyz s D(t_l)SU”g s.t. H[E”O <Th

K3

(Initialize Distributed Power Method) Generate ¢"* randomly, set ¢, < 0 and g A( ) gt
while stopping rule do

tytp+1
10: (Initialize Consensus Averaging) Set t. < 0 and zlgtC) — Mz-(}ft”_l)
11: while stopping rule do
12: t <—t +1 N )
to—1
13: (— Z]E.N’ wj, \j Z
14: end while
15: o) 2 e,
16: a5 /102
17: end while
18: d%  sgn <dr6f7zl\§tp)>) aftp)
.
A dTE,
20:  end for

21: end while
Return: Dgt),i =1,2,...,N.

4.2.2 Properties of the K-SVD solution
In addition to Assumptions A1-A3, we also assume that the K-SVD solution satisfies the properties mentioned

below.

[P1] Let ngz denote the solution of the lasso (i.e., (25)) for D = D®~1 and 7 = 7® ¢ = 1,...,T;. Then there
exists some C7 > 0 such that the following holds:

min 7 |<d(t),yz s D<t71)m§2>| > (.

J
t,i wibupp(w( )

[P2] Define g, = {Z C {1,...,K} : |Z| = Ty }. Then there exists some Cy > 119?‘?‘6‘“ such that the following
holds:

min o, ( I(; 1)) > \/Co,

=1,...,Tu,Z€%7,
where o7, (-) denotes the T¢" (ordered) singular value of a matrix.

[P3] Let /\1 e > /\Qc > ...)\S’)k > 0 denote the eigenvalues of the centralized “reduced” matrix E,(f};aE,(:g, ke
{1,..., K}, in the t*" iteration, t € {1,...,T;}. Then there exists some C3 < 1 such that the following
holds:

)\(t)

T%ngg'
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Figure 2. Representation errors for dictionaries learned using centralized K-SVD, cloud K-SVD, and local K-SVD. Here,
local K-SVD means we are applying K-SVD only for data that is available at any given site locally.

Properties P1 and P2 correspond to sufficient conditions for xgtz to be a unique solution of (25)3! and
guarantee that the centralized K-SVD generates a unique collection of sparse codes in each iteration. Property
P3, on the other hand, ensures that algorithms such as the power method can be used to compute the dominant

T
eigenvector of El(:}%E,(:}% in each dictionary learning iteration.?® In particular, P3 is a statement about the
T
worst-case spectral gap of E,(C%E,(:}{

4.2.3 Main result

The main result for cloud K-SVD is given in terms of the || - |2 norm mixing time, Ty, of the Markov chain
associated with the doubly-stochastic weight matrix W, defined as
1
_ - NeTvrt _ 14T
T = s it {1 1T~ £ < 3 . (26)

Here, ¢; € RY denotes the i*” column of the identity matrix Iy. Note that T},;, can be upper bounded in terms
of inverse of the absolute spectral gap of W, defined as 1 — |A2(W)| with A2(W) denoting the second largest (in
modulus) eigenvalue of W.32 As a general rule, better-connected networks can be made to have smaller mixing
times compared to sparsely connected networks [32, Chap. 15],[ 33].

THEOREM 4.1 (STABILITY OF CLOUD K-SVD DICTIONARIES). Under assumptions A1-AS3 and assuming
that K-SVD algorithm satisfies properties P1-P3, suppose we perform T, = Q(TqK log(N) + Tqlog(KSTp) +
log(nNégl)) power method iterations and T, = Q(Tmem + Toniz log N) consensus iterations. Then at the end
of Ty dictionary learning iterations, we will have

T T
Jmax (|0l - a0 < 27)
. . 9

1.,
1,. K

i=
k=
This result shows that we need to perform consensus iterations whose number scale linearly with that of power
method iteration 7, and mixing time of graph 7},;,, while this scaling is logarithmic in the number of nodes.
Another important point to note here is that the number of power method iterations needed in this case scale
only logarithmically with the number of samples S, which is a desirable thing in the context of big data problems.

4.3 Numerical results

In this section we provide numerical results to demonstrate the efficacy of cloud K-SVD for distributed data
processing tasks. In our first example we will use synthetic data to establish effectiveness of cloud K-SVD for data
representation problems. Our second example uses cloud K-SVD to solve a classification problem for MNIST
dataset.3*
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4.3.1 Representation error for synthetic data

Our first experiment deals with the data representation problem and demonstrates the effectiveness of collabora-
tively learning a dictionary using cloud K-SVD, as opposed to each site learning a local dictionary from its local
data using the canonical K-SVD algorithm (referred to as local K-SVD in the following). The experimental setup
consists of a total of N = 100 sites, with each site i having local data Y; € R20%590 je  at each site i we have
S; = 500 local samples of dimension n = 20. Interconnections between the sites are randomly generated using
an Erdés—Rényi graph with parameter p = 0.5. In order to generate synthetic data at individual sites, we first
generate a dictionary with K = 50 atoms, D € R20%50, with columns uniformly distributed on the unit sphere in
R2°, Next, we randomly select a 45-column subdictionary of D for each site and then generate samples for that
site using a linear combination of Ty = 3 randomly selected atoms of this subdictionary, followed by addition
of white Gaussian noise with variance o2 = 0.01. All data samples in our experiments are also normalized to
have unit 5 norms. Sparse coding in these experiments is performed using an implementation of OMP provided
in [35]. Finally, in order to carry out distributed consensus averaging, a doubly-stochastic weight matrix W is
generated according to the local-degree weights method described in [19, Sec. 4.2].

We also carry out experiments to demonstrate variations in cloud K-SVD results when we change the num-
ber of power method iterations (7},). In Figure 2, we plot average representation error, which is defined as
n—ls Zivzl Zf;l llyi,; — Dx; jll2, as a function of the number of dictionary learning iterations for three dictionary
learning methods, namely, centralized (canonical) K-SVD, cloud K-SVD, and local K-SVD. It can be seen from
this figure, which corresponds to an average of 100 Monte-Carlo trials, that cloud K-SVD and centralized K-SVD
have similar performance and both of them perform better than local K-SVD. In particular, the local K-SVD
error is & 0.06 after 40 dictionary learning iterations (i.e., T; = 40), while it is ~ 0.03 for cloud K-SVD and cen-
tralized K-SVD. Notice that changes in the number of power method iterations induce relatively minor changes
in the representation error of cloud K-SVD.

4.3.2 Classification of MINIST dataset

For evaluation of cloud K-SVD on real dataset, we perform classification of digits {0,3,5,8,9} from MNIST
dataset.>* We use 6000 samples for each digit, where 5000 samples are used for training and remaining 1000
for testing. The data are five-times randomly split into training and test samples. For cloud K-SVD, Erdés—
Rényi graph with parameter p = 0.5 is used to generate a network with 10 sites and data is equally distributed
among them. Before performing dictionary learning, data is down sampled from R34 to R2%6. Next, a separate
dictionary is learned for each digit using centralized K-SVD, cloud K-SVD, and local K-SVD. Each dictionary has
dimensions R256%490 j ¢ = K = 400, and sparsity level of Ty = 10 is used. Minimum residue-based rule [6, Sec.II-
A] is used for classification, more details on which are given below.



Let {D.}?_; be the set of dictionaries for 5 classes and let D = [Dy D, D3 Dy Ds| € R?6x2000 pe
the complete dictionary. For any test sample ys, we perform sparse coding using D with sparsity constraint of
To = 10 to get coefficients z, € R?°°, Then we partition z, into five segment {xs,c}gzl, where z, . are the
coefficients corresponding to dictionary D, of class c¢. Next we define residue for class ¢ as

Te = ||ys — Dews |2 (28)

Finally, the detected class is given by ¢* = argmin.r.. Performance of each method (centralized, cloud, and
local K-SVD) is measured in terms of average detection rate on the test samples, defined as

R Number of samples in class ¢ detected correctly
.=

29
Total number of samples of class ¢ ’ (29)

with results given in Figure 3. We see that centralized and cloud K-SVD have comparable performance. But in
the case of local K-SVD, classification rate deteriorates considerably. The bars in local K-SVD show the highest
and lowest detection rates achieved among the 10 sites, which highlights the variation in effectiveness of models
learned across different sites when using only the local data.

5. CONCLUSION

In this paper we reviewed existing methods for solving dictionary learning problem in a distributed setup. These
methods target different problem setups that arise in practical situations. Specifically, (i) streaming and batch
data settings, (i7) learnig dictionary for representation and classification tasks, and (i7i) learning a full common
dictionary versus partial dictionary at sites were examined. Furthermore, we provided detailed description of
the cloud K-SVD solution for learning distributed dictionary in batch data settings. We also provided the
convergence results and numerical simulations to show the efficacy of cloud K-SVD.
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