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ABSTRACT

General Terms

Compressive Sampling is an emerging theory that is based
on the fact that a relatively small number of random projections of a signal can contain most of its salient information. In this paper, we introduce the concept of Compressive
Wireless Sensing for sensor networks in which a fusion center
retrieves signal field information from an ensemble of spatially distributed sensor nodes. Energy and bandwidth are
scarce resources in sensor networks and the relevant metrics
of interest in our context are 1) the latency involved in information retrieval; and 2) the associated power-distortion
trade-off. It is generally recognized that given sufficient prior
knowledge about the sensed data (e.g., statistical characterization, homogeneity etc.), there exist schemes that have
very favorable power-distortion-latency trade-offs. We propose a distributed matched source-channel communication
scheme, based in part on recent results in compressive sampling theory, for estimation of sensed data at the fusion center and analyze, as a function of number of sensor nodes, the
trade-offs between power, distortion and latency. Compressive wireless sensing is a universal scheme in the sense that
it requires no prior knowledge about the sensed data. This
universality, however, comes at the cost of optimality (in
terms of a less favorable power-distortion-latency trade-off)
and we quantify this cost relative to the case when sufficient
prior information about the sensed data is assumed.
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1.

INRODUCTION

Sensor networking is an emerging technology that promises
an unprecedented ability to monitor the physical world via a
spatially distributed network of small and inexpensive wireless sensor nodes that have the ability to self-organize into a
well-connected network. A typical wireless sensor network,
as shown in Fig. 1, consists of a large number of sensor nodes,
spatially distributed over a region of interest, that observe
some (noisy) data. In many applications, a distant fusion
center (FC) retrieves relevant field information from the sensor nodes. Energy and bandwidth are scarce resources in
such networks since communication from the sensor nodes
to FC generally takes place over a power and bandwidth constrained wireless channel. Consequently, a major challenge
in the design of sensor networks is developing schemes that
extract relevant information about the sensed data (sensor
field) at a desired fidelity at FC with least consumption of
network resources. In this regard, the relevant metrics of
interest are 1) the latency (or alternatively, bandwidth) involved in information retrieval; and 2) the associated powerdistortion trade-off: the power Ptot consumed by the sensor
network in delivering relevant information to FC at the desired distortion D.
In this paper, we introduce the concept of Compressive
Wireless Sensing (CWS) for energy efficient estimation (at
FC) of sensor data that contain some sort of structural regularity. CWS is based on a distributed matched sourcechannel communication architecture and is inspired by recent results in wireless communications [4, 5, 10, 1, 12] and
compressive sampling theory [2, 3, 8], and rests on the fact
that a relatively small number of random projections of a
signal can contain most of its salient information. CWS, in
essence, is a completely decentralized scheme for delivering
random projections of the sensor network data to FC in a
distributed and energy efficient manner and under the right
conditions, FC can recover a good approximation of the data
from these random projections. Three distinct features of
CWS are: 1) processing and communications are combined
into one distributed operation; 2) it requires almost no innetwork processing and communications; and 3) consistent

Figure 1: Sensor network with a fusion center (FC).
Circles denote sensor nodes. FC can communicate
to the network at a very high power whereas communication channel from the network to FC is power
and bandwidth constrained.
field estimation is possible (D ց 0 as node density increases),
even if little or no prior knowledge about the sensed data
is assumed, while Ptot grows at most sub-linearly with the
number of nodes in the network. Thus, CWS provides a
universal and efficient approach to distributed estimation of
sensor network data without putting strict constraints on
the underlying structure of sensed data.

1.1 Relationship to Previous Work
It is generally recognized that given sufficient prior knowledge about the sensed data (e.g., statistical/topological characterization or homogeneity of the sensor network data),
there exist schemes that have very favorable power-distortionlatency (-bandwidth) trade-offs (see, e.g., [4, 5, 1, 6]). CWS,
however, is a universal scheme in the sense that it requires
no prior knowledge about the sensed data. Nevertheless,
this universality comes at the cost of optimality (in terms of
a less favorable power-distortion-latency trade-off). For example, assuming no prior knowledge about the sensed data,
the theoretical analysis of CWS in Section 4 yields a powerdistortion-latency trade-off of the form1
D ∼ Ptot −2α/(2α+1) ∼ L−2α/(2α+1)

(1)

where α > 0 (which need not be known to the network
itself) quantifies the structural regularity of the sensor network data (cf. Section 2). Note that this relation does
not mean that a fixed number of sensor nodes using more
power and/or latency can provide more accuracy. Rather,
distortion (D), power consumption (Ptot ) and latency (L)
are functions of the number of nodes, and the above relation indicates how the three performance metrics behave as
the density of nodes increases. On the other hand, assuming
sufficient prior knowledge about the sensed data, we show in
Section 3 that there exists an efficient distributed estimation
scheme that achieves the distortion scaling of an ideal centralized estimator and has a power-distortion-latency tradeoff of the form
D ∼ Ptot −2α ∼ L−2α

(2)

Thus, in essence, this paper identifies a trade-off between
universality and optimality: CWS is universal for a broad
class of sensor fields but cannot reach the optimality of (2),
1
We write an  bn when an = O(bn ) and an ∼ bn if both
an  bn and bn  an

whereas an optimal distributed scheme, such as the one presented in Section 3, can fail miserably under false prior information (cf. Sections 4 and 5) and therefore, can never
be universal. CWS is, therefore, primarily a framework for
sensor networks having either little prior knowledge about
the sensed field or low confidence level about the accuracy
of the available knowledge.
Finally, most previous works in the area of sensor data estimation have focused on multihop communication schemes
and in-network data processing and compression [13, 9, 11,
15]. This requires a significant level of network infrastructure, and the theoretical approaches in the works above generally assume this infrastructure as given. Our approach,
in contrast to previous methods, eliminates the need for
in-network communications and processing and instead requires phase synchronization among nodes, which imposes
a relatively small burden on network resources and can be
achieved by employing the distributed synchronization scheme
described in [12]. Thus, our proposed wireless sensing system is perhaps more accurately viewed as a sensor ensemble
which is appropriately queried by an information retriever
(FC) to elicit the desired information about the sensed data.

1.2

Organization

The rest of this paper is organized as follows. In Section 2
we formally describe the problem considered in this paper
and develop the basic communication architecture of our
scheme. Section 3 describes an energy efficient distributed
estimation scheme that, under the assumption of sufficient
prior knowledge about the sensed data, achieves the distortion scaling of an ideal centralized estimator. In Section 4,
we introduce the concept of CWS and analyze, as a function
of number of sensor nodes, the associated trade-offs between
power, distortion and latency. In Section 5, we make a comparison between CWS and the distributed scheme of Section 3 using numerical results and show the basic trade-off
between universality and optimality. Finally, we summarize
our results and present concluding remarks in Section 6.

2.

PROBLEM FORMULATION AND
APPROACH

In this section, we give an overview to the problem and
approach considered in this paper. In the following sections,
we shall elaborate on the technical details of the scheme. To
begin, consider a wireless sensor network with n nodes where
each node takes a noisy sample of the form
xj = x∗j + wj ,

j = 1, . . . , n

(3)

and the errors {wj }n
j=1 are independent, zero-mean Gaus2
. We can consider
sian random variables with variance σw
n
this data as a vector x ∈ R such that x = x∗ + w, where
2
x∗ ∈ Rn is the noiseless data vector and w ∼ N (0, σw
In ).
We further assume that |x∗j | ≤ B, j = 1, . . . , n, for some
known constant B > 0, which is determined by the sensing
range of the sensors.
It is a well known fact in the field of data compression,
evidenced by the success of familiar compression standards
such as JPEG, MPEG and MP3, that data in real world
often contain redundancies. Moreover, data collected at
nearby nodes in a dense sensor network is expected to be
highly correlated [14]. Therefore, it is quite reasonable to
assume that x∗ is compressible in the sense that it is well-

approximated by a linear combination of k vectors taken
from an orthonormal basis of Rn (e.g., smooth signals tend
to be compressible in the Fourier basis and piecewise smooth
signals tend to be compressible in a wavelet/wedgelet basis).
More precisely, let Ψ , {ψi }n
i=1 be an orthonormal basis of
Rn . Denote by θi = ψiT x∗ (projection of x∗ onto ψi ) the coefficients of x∗ in this new basis. Relabel these coefficients
so that
|θ1 | ≥ |θ2 | ≥ · · · ≥ |θn |

(4)

∗

Ideal Centralized Estimation: Let us first consider
an ideal centralized estimator in which the sensor measurements {xj }n
j=1 are assumed to be available at the FC noisefree. The distortion scaling of this estimator would serve
as a benchmark for assessing the distortion related performances of the distributed schemes presented in Sections 3
and 4.
Given x, a centralized estimator x
bcen at the FC can be
easily constructed by projecting x onto the first k elements
of Ψ

The best k-term approximation of x in terms of Ψ is given
by
x∗(k) =

k
X

θi ψi

x
bcen

(5)

i=1

∗

and we say that x is α-compressible in Ψ (or that Ψ is the
compressing basis of x∗ ) if the average squared-error behaves
like
‚ ∗
‚
n
”2
‚x − x∗(k) ‚2
`
´
1 X“ ∗
∗(k)
= O k−2α
(6)
xj − xj
,
n
n j=1

for some α > 0, where the parameter α governs the degree
to which x∗ is compressible with respect to Ψ. Note that
the ordering of coefficients in (4) may be a function of the
underlying signal x∗ and in such cases, could never be known
a priori.
Given x, the goal of the sensor network is to compute
a reconstruction x
b of the noiseless data vector x∗ at the
FC with a small latency (L) and expected squared-error,
‚
‚2
b − x∗ ‚ ], while at the same time consuming
D = E [ n1 ‚x
minimal amount of total power Ptot .
Before proceeding further, we shall make the following
assumptions concerning the communications from the sensor
network to the FC:
1. Each sensor is equipped with a single isotropic antenna.
2. The sensors are constrained to a maximum individual
transmit power of P .
3. The sensors communicate with FC over a narrowband
Additive White Gaussian Noise (AWGN) wireless channel of bandwidth W Hz at some carrier frequency fc ,
where fc ≫ W , and each channel use is characterized
by transmission over a period of T = 1/W seconds.
4. Each sensor has a local oscillator synchronized to the
carrier frequency fc and the network is fully phase synchronized in the sense that the sensor transmissions arrive at the FC in a phase coherent fashion. This may
be achieved by employing the distributed synchronization scheme described in [12].
5. Let dj , j = 1, . . . , n, be the distance between the sensor at location j and FC. The FC is assumed to be
far away from the sensor network so that d1 ≈ · · · ≈
dn ≈ d and therefore, the path losses of all nodes are
identical.
6. There is no multipath fading, which would indeed be
the case in many remote sensing applications with static
sensor nodes that have a line-of-sight connection to the
FC.

=

k “
”
X
ψiT x ψi
i=1

=

x∗(k) +

k “
”
X
ψiT w ψi

(7)

i=1

which results in a bias/variance trade-off
–
„ «
»
‚2
k
1‚
2
‚x
bcen − x∗ ‚
σw
 k−2α +
Dcen = E
n
n

(8)

where the first term is the squared bias and the second is the
variance. The minimum is attained by setting k ∼ n1/(2α+1) ,
resulting in
Dcen  n−2α/(2α+1)

(9)

Next, we present a communication architecture for computing projections of sensor network data onto any normalized vector in Rn , which would act as a basic building block
of our proposed scheme.

2.1

Distributed Projections in Wireless Sensor Networks

In this section, we develop the basic communication architecture that acts as a building block of CWS. At the heart
of our approach is an energy efficient, distributed method of
computing projections of the sensor network data onto any
normalized vector in Rn by exploiting the spatial averaging
inherent in a multiple access channel (MAC). To begin, we
first define the notion of a Sparsity Map.
Definition 1. Let q ∈ Rn and Sp : Rn → P({1, . . . , n}),
where P(X) means power set of X. We call Sp the sparsity
map of q if Sp (q) = {j ∈ {1, . . . , n} : qj 6= 0} and |Sp (q)| is
a counting measure on Sp (q).
‚ ‚2
let ϕ ∈ Rn , where ‚ϕ‚ = 1, and υ = ϕT x∗ =
PNow,
n
∗
∗
j=1 ϕj xj be the projection of x onto ϕ. Using the notion
‚ ‚2
of sparsity map, denote |Sp (ϕ)| = nϕ . Since ‚ϕ‚ = 1, this
‚ ‚2
implies |ϕj |2 ≈ ‚ϕ‚ /nϕ = 1/nϕ ∀ j ∈ Sp (ϕ). Given x, we
assume that the goal of the sensor network is to compute an
estimate (b
υ ) of υ at the FC. One possibility is to nominate
a clusterhead in the network and then, assuming all the sensor nodes know ϕ and have constructed routes which form a
spanning tree through the network to the clusterhead, sensor nodes locally compute ϕP
j xj and aggregate these values
n
up the tree to obtain υ
b =
j=1 ϕj xj at the clusterhead.
However, even if we ignore the communication cost of delivering υ
b from the cluterhead to the FC, it is easy to see that
this scheme requires at least n transmissions.
Another, more promising, alternative is to exploit recent
results concerning uncoded coherent transmission schemes

the resulting distortion is given by
Dυ

=
=

Figure 2: A distributed communication architecture
for computing projections of sensor network data at
the fusion center.

[4, 5, 10, 1]. The proposed distributed communication architecture, illustrated in Fig. 2, involves phase-coherent, lowpower, analog transmission of weighted sample values directly from the nodes in the network to the FC via the
narrowband AWGN network-to-FC communication channel.
To begin with, assume all the nodes in the network have
knowledge of ϕ. Practical schemes of how the sensor network might achieve this would be discussed in Section 3.2.
√
Each node multiplies its measurement xj with ( ρ ϕj ) to
√
obtain mj = ρ ϕj xj , where ρ > 0 is a scaling factor used
to satisfy sensors’ transmit power constraint P , and all the
nodes coherently tranmist their respective mj ’s in an analog fashion over the network-to-FC communication channel.
2
Clearly, E[|mj |2 ] ≤ ρ (B 2 + σw
)/nϕ if j ∈ Sp (x∗ ) ∩ Sp (ϕ)
2
/nϕ if j ∈ Sp (x∗ )c ∩ Sp (ϕ). Thus,
and E[|mj |2 ] = ρ σw
2
E[|mj |2 ] ≤ ρ (B 2 + σw
)/nϕ ∀ j ∈ Sp (ϕ) and mj ≡ 0 if
j∈
/ Sp (ϕ). Hence, the average transmission power for each
sensor (∈ Sp (ϕ)) is given by
2
)/nϕ
Pj ≤ ρ (B 2 + σw

(10)

and to satisfy the individual sensor transmit power con2
straint, we need to take ρ = (nϕ λP )/(B 2 + σw
) for 0 <
λ ≤ 1 , resulting in Pj ≤ λP (≤ P ).
Because of the coherent transmission by the sensor nodes,
the network-to-FC communication channel is effectively transformed into an AWGN MAC channel and the received signal
at the FC is given by

r

=

n
X
j=1

=

√

mj + z =

√

ρ

n
X

ϕj xj + z

j=1

ρ ϕT (x∗ + w) + z =

√

ρ (υ + w)
e +z

(11)

where z ∼ N (0, σz2 ) is the channel additive white Gaussian
2
noise and w
e ∼ N (0, σw
). Strictly speaking, the received signal from each node, mj , in the above expression should be
scaled by an attenuation constant, aj ∈ (0, 1), that depends
on the distance dj between the node and FC and the path
loss exponent. However, under the assumption of identical path losses, the aj ’s are nearly the same and we ignore
this uniform attenuation since it will uniformly increase the
required power per node by a constant factor to attain a
desired distortion.
In essence, the above setup corresponds to obtaining a
√
noisy projection of x onto ϕ at the FC that is scaled by ρ
√
and given r, the FC can easily estimate υ as υ
b = r/ ρ and

ˆ
˜
σ2
2
+ z
E |b
υ − υ|2 = σw
ρ
2
σz2 (B 2 + σw
)
2
σw +
nϕ λP

(12)

where the first term in the above expression is due to the
measurement noise and the second term is due to the communication noise and the key question becomes: What is the
necessary and sufficient value of λ (and correspondingly of
ρ) to make the distortion in (12) as small as possible? This
question is answered in the proof of the following theorem.
Theorem 1. Given the observation model of (3), it is
possible to obtain an estimate (b
υ ) of the projection of sensor
network data onto any normalized vector in Rn , such that
2
Dυ ∼ σw
, by using only a fixed amount of total power, Pυ =
O (1) , independent of the number of nodes in the network
and the structure of the vector on which data is projected.2
Proof. To prove this theorem, observe that the first term
in (12) is unaffected by the proposed communication scheme
and the second term decays as 1/λ. For fastest distortion
reduction, both the terms in (12) must be of the same order.
That is,
2
σw
∼

2
2
σz2 (B 2 + σw
)
σ 2 (B 2 + σw
)
⇐⇒ λ ∼ z
2
nϕ λP
nϕ σw P

(13)

Hence, the necessary and sufficient λ to obtain the optimal
distortion should be chosen as
λ ∼

2
σz2 (B 2 + σw
)
1
∼
2P
nϕ σw
nϕ

(14)

2
. Moreover,
and from (12), this would result in Dυ ∼ σw
since a total of nϕ nodes used the communication channel
during this distributed projection3 , the necessary and sufficient total power (Pυ ) involved in obtaining υ
b at the FC
would behave as

Pυ =

n
X
j=1

Pj ≤ nϕ (λP ) ∼

2
σz2 (B 2 + σw
)
= O (1) (15)
2
σw

This completes the proof.
Remark 1. Given the observation model of (3) , it is easy
2
is the best that any (centralized or
to see that Dυ ∼ σw
distributed) scheme can hope to achieve in terms of distortion and Theorem 1 shows that our distributed scheme can
achieve that by using only a fixed amount of power.

3.

DISTRIBUTED ESTIMATION FROM
NOISY PROJECTIONS

In this section, using the communication architecture presented in Section 2.1 as a basic building block, we present
a completely decentralized scheme for efficient estimation of
sensor network data at the FC. The underlying assumption
is that the sensor nodes not only have a complete knowledge
of the basis in which x∗ is compressible but also the precise
2
With a slight abuse of notation, ∼ here implies that both
quantities are ‘of the same order ’
3
Recall that mj , and thus Pj , would be equal to zero for
j∈
/ Sp (ϕ)

knowledge of the ordering of its coefficients in the compressing basis, as in (4). Under this assumption, we analyze the
power-distortion-latency trade-offs in this scheme as a function of number of sensor nodes and show that the proposed
distributed scheme can achieve the optimal centralized distortion scaling of (9).
To begin with, let Ψ , {ψi }n
be an orthonormal basis
‚ ∗
‚ i=1
n
∗(k) ‚2
‚
/n = O(k−2α ), where x∗(k) =
of R such that x − x
Pk
i=1 θi ψi (perhaps after re-labeling the indices i) and each
coefficientPθi is computed as a projection of the form θi =
n
∗
ψiT x∗ =
j=1 ψij xj . The sensor network can compute k
projections of x onto {ψi }ki=1 by employing the scheme of
Section 2.1 in k consecutive channel uses. Thus, at the end
of k channel uses, each one corresponding to a projection of
x onto an element of Ψ, FC has access to the estimates of
k projection coefficients given by
√
√
θbi = ri / ρi = θi + ψiT w + zi / ρi , i = 1, . . . , k (16)
where zi ∼ N (0, σz2 ) is the MAC AWGN corresponding to
2
) , n ψi =
i-th channel use and ρi = (nψi λi P )/(B 2 + σw
|Sp (ψi )| and 0 < λi ≤ 1; resulting in Dθi = E [|θbi − θi |2 ] =
2
σw
+ σz2 /ρi . From these k projection coefficients, FC can
easily estimate x∗ as
x
b =

k
X
i=1

θbi ψi = x∗(k) +

= x
bcen +

k
X
i=1

k “
X
i=1

√ ”
ψiT w + zi / ρi ψi

√
(zi / ρi ) ψi = x
bcen + ze

(17)

`
´
where ze ∼ N 0, diag (σz2 /ρ1 , . . . , σz2 /ρk ) by virtue of the
fact that zi is independent of zj for i 6= j, and the resulting
distortion is given by
–
»
k
‚2
1 X σz2
1‚
‚x
b − x∗ ‚
= Dcen +
D = E
n
n i=1 ρi
„ «
k
1 X σz2
k
2
+
(18)
σw
 k−2α +
n
n i=1 ρi
where the first two terms correspond to Dcen and the last
term is the distortion induced by k noisy MAC communications. The above relation governs the interplay between D,
n, k, α and λi ’s. For fastest distortion reduction, all three
terms in (18) must scale (as a function of n) at the same
rate. That is,
„ «
k
k
1 X σz2
−2α
2
k
∼
(19)
σw
∼
n
n i=1 ρi
Analyzing the above expression shows that k must be chosen, independently of {ρi }ki=1 , as k ∼ n1/(2α+1) and the
corresponding distortion at FC would scale as
D  n−2α/(2α+1)

(20)

that has the same scaling behavior as Dcen . Moreover, since
a total of nψi nodes communicated during the i-th MAC
transmission, the total power consumed by the sensor network during the entire reconstruction process is given by
Ptot =

k
X
i=1

P θi ≤

k
X
i=1

nψi (λi P )

(21)

P
Let us call ki=1 nψi λi = Γ, then Ptot ≤ P Γ and the only
question that remains to be answered is how to choose λi ’s
so that Γ is minimized, which in turns minimizes Ptot . The
answer to this question lies in the following theorem.
Theorem 2. Using the above distributed scheme for estimation of x∗ and given the observation model of (3), the
final distortion at the FC scales as given in (20) if and only
if
Γ  n−2α/(2α+1)
Moreover,
2
2
λi = σz2 (B 2 + σw
)/(nψi σw
P ) ∼ 1/nψi ,

i = 1, . . . , k

is the only set of λi ’s that achieves the lower bound for Γ in
the sense that
Γ ∼ n−2α/(2α+1)
Proof. The proof of this theorem is given in the Appendix.

3.1

Power-Distortion-Latency Trade-offs

In this section, we present the power-distortion-latency
trade-offs involved in the proposed distributed estimation
scheme. Recall that in order to achieve the optimal distortion scaling
D  n−2α/(2α+1) ,

(22)

1/(2α+1)

the network had to employ k = n
MAC transmissions, each one corresponding to a projection of x onto an
element of Ψ, and under the assumption that the k projections shared the channel via Time Division Multiple Access
(TDMA), we get the following relation for the latency L
involved in information retrieval from the network4
L ∼ n1/(2α+1)

(23)

Moreover, if we take λi ∼ 1/nψi , i = 1, . . . , k, then from
(21) and Theorem 2 we get the following relation for the
total power Ptot consumed by the network in information
retrieval
Ptot ≤ k

2
)
σz2 (B 2 + σw
 n1/(2α+1)
2
σw

(24)

Hence, given the observation model of (3) and assuming
that the sensor network has sufficient prior knowledge about
the underlying signal structure (i.e., compressing basis of x∗
and the ordering of its coefficients in that basis), the proposed distributed estimation scheme can achieve the optimal centralized distortion scaling of (9) and from (22), (23)
and (24), the associated power-disortion-latency trade-off is
given by
D ∼ Ptot −2α ∼ L−2α

3.2

(25)

Communicating the Compressing Basis to
the Network

Assuming the designer of the sensor network has knowledge of the compressing basis Ψ of x∗ , we try to address
the issue of how to communicate the compressing basis (or
4
The projections may equally well share the channel via Frequency Division Multiple Access (FDMA) and that would
translate the latency requirements into the bandwidth requirements.

a subset of it) to the sensor nodes – an assumption inherent
to the optimality of above scheme. Pre-storage of this information in the sensor nodes is not a viable option because
of possible node failures, changes in the structure of sensed
data etc. Moreover, pre-storage of the entire compressing
basis or a subset of it, {ψi }li=1 , where 1 ≤ l ≤ n, in each
sensor node would require at least O (n) bits per sensor for
storage which might not always be feasible in large scale sensor networks. Even pre-storage of only corresponding entries
of the k basis elements, {ψi,j“}ki=1 , in the
” j-th sensor node

would still require at least O n1/(2α+1) bits per sensor for
optimal distortion scaling.
Another, more feasible but not always practical, approach
to this problem is that the FC transmits this information to
the sensor nodes (over a separate FC-to-network communication channel) before the start of each projection. For the
case of ψi that has some sort of regularity in its structure
so that it does not require addressing each node individually (e.g. ψi = [ √1n , . . . , √1n ]T ), this can be readily achieved
by broadcasting a few command signals from the FC to the
nodes. However, depending upon the structure of the normalized vector, this approach may require the FC to be able
to address each sensor individually which again might not
be practical in large scale sensor networks. However, we
will show in the next section that among many other things,
compressive wireless sensing scheme can easily work around
this problem.

4. COMPRESSIVE WIRELESS SENSING
In Section 3, we proposed an efficient distributed estimation scheme that achieves the optimal centralized distortion scaling of (9) under the assumption that the network
(nodes and/or FC) has sufficient knowledge about the basis
in which x∗ is compressible. Generally speaking, however,
even if the destination knows the basis in which x∗ is compressible, it is quite likely that it will not know ahead of time
the precise ordering of the coefficients of x∗ in this basis. As
an example, consider the following simple scenario. Suppose
∗
x∗ is a spatially non-sparse vector of length n (|S√
p (x )| = n)
with only one non-zero coefficient of amplitude n in some
‚ ∗ ‚2
‚ ‚ /n = 1 (i.e.,
transform basis Ψ , {ψi }n
i=1 such that x
∗
x is super sparse in Ψ). This is an example of the case
where we know the basis in which x∗ is compressible but
do not know the ordering of the coeffiecients. One naive
approach to this problem is to require each sensor to digitally transmit its measurement to the destination, where
the reconstruction is then performed. Alternatively, all the
sensors might collaboratively process their measurements to
reconstruct x∗ in-network and then transmit the result to
the destination. Both approaches, however, while providing
us with consistent estimates, would require Ptot and L to be
at least ∼ n.
Another approach to this problem could be to use the distributed scheme described in Section 3. However, since the
network does not have a precise knowledge of the ordering
of coefficients, it would have to resort to random transform
domain sampling where the network computes a distributed
projection of the data onto ψi and i is selected uniformly
at random from the set {1, . . . , n}. Ignoring the distortion
due to the measurement noise, the squared reconstruction
error would be 0 at the FC if the spike in Ψ domain corresponds to ψi and 1 otherwise and the probability of not

´k
`
finding the spike in k trials is 1 − n1 , giving an average
`
´
`
´k
k
squared-error of 1 − n1 · 1 + (k/n) · 0 = 1 − n1 . If n is
`
´
k
large, we can approximate this by D = 1 − n1
≈ e−k/n .
Therefore, for any k < n, we have D 6→ 0 as n → ∞ while
Ptot and L ∼ k. This simple example shows that the powerdistortion-latency tradeoff of (25) might break down if the
network does not have enough prior knowledge about the
sensed signal
Another more general, and perhaps relevant, example is a
situation in which the signal is piecewise constant. Signals of
this type do lie in a low-dimensional subspace of the wavelet
domain, but precisely which subspace depends on the locations of the changepoints in the signal, which of course is
unlikely to be known a priori. Broadly speaking, any signal that is generally smooth apart from some localized sharp
changes or edges will essentially lie in a low-dimensional subspace of a multiresolution basis such as wavelets or curvelets,
but the subspace will be function-dependent and thus, preclude the use of methods, like the one of the previous section, that require prior specification of the basis functions
to be used in the projection process. This is where the universality of compressive wireless sensing scheme, presented
in this section, comes into play. As we shall see, compressive wireless sensing provides us with a consistent estimation
scheme (D ց 0 as node density increases), even if little or
no prior knowledge about the sensed data is assumed, while
Ptot grows at most sub-linearly with the number of nodes in
the network.
P
∗
Recall that if υ = ϕT x∗ = n
j=1 ϕj xj is the projection of
∗
n
x onto a normalized vector ϕ ∈ R then using the communication architecture described in Section 2.1 and consuming
only O(1) amount of power, the FC can obtain an estimate
of υ given by
υ
b = ϕT (x∗ + w) + ze

(26)

where ze ∼ N (0, σz2 /ρ) is
2
noise and σz2 /ρ ∼ σw
(cf.

the scaled AWGN communication
Theorem 1). Now, instead of projecting the sensor network data onto a subset of a deterministic basis of Rn , in Compressive Wireless Sensing (CWS),
the FC tries to reconstruct x∗ from noisy random projections
of the sensor network data. Specifically, let {φi ∈ Rn }n
i=1 be
an independent and identically distributed (i.i.d) sequence
√
of Rademacher random vectors i.e., {φi,j }n
j=1 = ±1/ n,
each with probability 1/2, and the FC tries to reconstruct
x∗ by projecting x onto k of these random vectors. Because the entries of the projection vector φi are generated
at random, observations of this form are called (noisy) random projections of the signal. An important consequence of
using random Rademacher vectors is that each sensor can locally draw the elements of the random vectors {φi }ki=1 in an
efficient manner by using the seed of a pseudo-random generator and its (network) address. Similarly, given the seed
values and the number of nodes in the network, the destination can easily reconstruct the vectors {φi }ki=1 . Therefore,
in CWS the FC does not need to convey any information to
the sensor nodes regarding the projection vectors.
After employing k random projections, the observations
at the FC take the form of
yi

=

n
X
j=1

=

φij (x∗j + wj ) + zei

φTi (x∗ + w) + zei , i = 1, . . . , k,

(27)

where w = [w1 . . . wn ]T , and {wj }n
zi }ki=1 are i.i.d.
j=1 and {e
zero-mean Gaussian random variables, independent of {φi,j },
2
2
with variances σw
and σz2 /ρi ∼ σw
respectively. Notice that
the observations above are equivalent (in distribution) to
observations of the form
yi = φTi x∗ + ηi , i = 1, . . . , k,

(28)

where {ηi } are i.i.d zero-mean Gaussian random variables
2
independent of {φi,j } with variance σ 2 ∼ σw
(since E[|e
zi | 2 ] ∼
2
σw
∀ i). This result follows directly from [8], where the
equivalence of {φTi w + zei } and {ηi } (in distribution) and the
independence of {ηi } and {φi,j } is proved.
Given a countable collection X of candidate reconstruction functions, such that each x
e ∈ X satisfies |e
xj | ≤ B for all
entries j = 1, . . . , n, the CWS estimate of x∗ , x
bk , is obtained
as a solution of

ﬀ
x) log 2
b x) + c(e
x
bk = arg min R(e
(29)
x
e∈X
kǫ

where c(e
x) is a non-negative number assigned to each x
e∈
P
−c(e
x)
X such that
≤ 1, ǫ > 0 is a constant that
x
e∈X 2
depends on the function bound B and the noise variance σ 2
b x) is the empirical risk defined as
as described in [8], and R(e
!2
k
n
X
X
1
b x) =
yi −
.
(30)
φi,j x
ej
R(e
k i=1
j=1

If we assume that we can find a basis in which the signal
x∗ is α-compressible, then we can use this compressing basis
in the reconstruction and define c(e
x) in terms of it. Thus,
the optimization problem becomes

ﬀ
2 log(2) log(n)
θbk = arg min ky − ΦT T θk22 +
kθk0
(31)
θ∈Θ
ǫ

where θ is the representation of x
e in the compressing basis,
ΦT is the transpose of the n × k matrix of projection vector
elements, and T is the transform that takes x
e ∈ X to the
compressing domain such that x
e = T θ. As shown in [8], for
α-compressible x∗ , such an estimate would satisfy
– „
«−2α/(2α+1)
»
kb
xk − x∗ k2
k

,
(32)
D=E
n
log n

while if x∗ is truly sparse (has only m nonzero coefficients
in the compressing basis), then
– „
«−1
»
kb
xk − x∗ k2
k

D=E
(33)
n
m log n

4.1 Power-Distortion-Latency Trade-offs
Recall that in order to achieve the optimal distortion scaling of (32) and (33), the network had to employ k MAC
transmissions, each one corresponding to a projection of x
onto a random vector, and consuming O(1) power. Therefore, the latency L and total power Ptot involved in information retrieval from the network is given by
L ∼ k
Ptot ∼ k

(34)
(35)

Therefore, ignoring log factors, the power-distortion-latency
trade-off for the case when x∗ is α-compressible is given by
D ∼ Ptot −2α/(2α+1) ∼ L−2α/(2α+1) ,

(36)

Figure 3: A truly sparse signal in the DCT domain.
Measuring directly in the DCT domain leads to a
better reconstruction, but CWS also yields a consistent estimate.
and by
D ∼ Ptot −1 ∼ L−1

(37)

when it is truly sparse.
Comparing these trade-offs with the one achievable using the estimation scheme of Section 3 yields some interesting insight. Regardless of the compressibility of x∗ , the
best P-D trade-off that one can hope to achieve using CWS
is D ∼ Ptot −1 . On the other hand, if enough knowledge
about the compressing basis of x∗ is available a priori, one
can employ the scheme of Section 3 and do much better,
D ∼ Ptot −2α . Therefore, given sufficient prior knowledge
about the signal, CWS can be far from optimal but under
circumstances where there is little or no knowledge available
about x∗ , CWS should be the estimation scheme of choice
as discussed at the start of this section.

5.

NUMERICAL RESULTS

In this section we present some numerical results to demonstrate the tradeoff between the universality of compressive
wireless sensing and the optimality of sampling in the relevant subspace of a sparse signal, assuming that the relevant
subspace is known a priori. For all examples in this section,
the signal components are scaled to take values in the range
±B, where B = 2. Further, each sensor measurement is contaminated with zero-mean additive Gaussian measurement
2
noise with variance σw
= 0.02 and ρi is chosen so that each
projection has zero-mean additive Gaussian communication
noise with effective variance of σz2 /ρi = 0.02.
The original signals are of size 256 × 256 = 65536 pixels,
and the reconstruction is performed using k = 1600 projections which are either random in the CWS case or specified
elements of a given basis in the “assumed subspace” case.
For each example, the “assumed subspace” is taken to be

Figure 4: A signal that is approximately sparse in
the Haar Wavelet domain. The low DCT and CWS
Wavelet reconstructions have the same asymptotic
distortion rate.

a low frequency segment of the Discrete
√ Cosine Transform
(DCT) domain. Specifically, the lowest k = 40 coefficients
in each dimension of the DCT domain are measured, and
the reconstruction is carried out by using these measured
coefficients and setting unmeasured coefficients to zero.
The first example, shown in Fig. 3, is a signal that consists of 25 nonzero low-frequency components in the DCT
Domain (the lowest five coefficients in each dimension are
nonzero). The original signal and the signal corrupted with
noise are shown in the top row. The bottom row shows two
reconstructions - one is the estimate obtained by measuring
the k lowest frequency components in the DCT domain, and
the other is a reconstruction obtained from k random projections using the DCT basis as the reconstruction basis.
Direct sampling of the DCT domain leads to an estimate
with lower MSE, as expected, but the CWS reconstruction
estimate is also consistent with the original image and exhibits MSE below the measurement noise variance.
The second example, shown in Fig. 4, is a piecewise constant image with a boundary that is approximately sparse
in the Haar Wavelet Domain. The original image is shown
along with the lowest frequency DCT reconstruction in the
top row. The bottom row shows two reconstructions obtained from random projections. The interesting point to
note here is that the same set of k random projections can
be used to obtain several reconstructions of the signal, simply by using different bases in the reconstruction algorithm.
In this case, CWS gives consistent estimates of the actual
signal using two different domains (Haar and DCT).
For this example, notice that the MSE of CWS-Haar reconstruction is comparable to that of the “assumed subspace” reconstruction. This is because the “assumed subspace” case achieves D ∼ Ptot −2α , and for piecewise constant signals represented in the DCT domain, 2α = 1/2, so

Figure 5: Another signal that is sparse in the DCT
domain, but only part of the signal energy is in the
directly observed frequencies. CWS performs much
better than direct frequency sampling, illustrating
the universality of CWS and the cost of directly
measuring an incorrect subspace.
D ∼ Ptot −1/2 . On the other hand, CWS yields a powerdistortion relation of D ∼ Ptot −2α/(2α+1) . But the approximation error exponent for piecewise constant functions represented in a wavelet basis is 2α = 1, so D ∼ Ptot −1/2 in
this case as well.
The last example, shown in Fig. 5, illustrates the universality of CWS. In this case the signal of interest is sparse in a
low-frequency subspace of the DCT domain, but only a portion of this subspace is contained in the lowest k frequency
components that are directly observed. This situation might
arise when the sensors are being used to estimate a communication signal, but the frequency band in which the signal is
present is not completely known a priori. The original signal
and the signal with measurement noise are shown in the top
row. The bottom row shows two estimates, one using the
low-frequency DCT measurements and the other obtained
from random projections using the DCT domain for reconstruction. The “assumed subspace” approach fails in this
case because the subspace being measured does not contain
a sufficient amount of the signal energy, while CWS is able to
identify the actual subspace and produce an estimate with
MSE lower than the measurement noise variance.

6.

CONCLUSIONS

In this paper, we have introduced and analyzed the concept of Compressive Wireless Sensing for energy efficient estimation (at FC) of sensor data that is compressible in some
basis of Rn and analyzed, as a function of the number of sensor nodes, the associated power-distortion-latency tradeoffs.
CWS is a universal scheme in the sense that it provides us
with a consistent field estimation (D ց 0 as node density increases), even if little or no prior knowledge about the sensed

data is assumed, while Ptot grows at most sub-linearly with
the number of nodes in the network. This universality, however, does come at the cost of optimality in terms of a less
favorable power-disortion-latency trade-off which is a direct
consequence of not having sufficient prior knowledge about
sensed data, forcing us to probe the entire n-dimensional
space using random projections instead of focusing our energy on the subspace of interest. Nevertheless, because of
this precise reason, CWS has the ability to capture part of
signal under all circumstances, whereas projecting the sensor
network data onto some subspace, when not enough information is available, can result in a distortion much greater
than the one achievable by CWS, as evidenced by the results
of Section 5. Therefore, we contend that CWS should be the
estimation scheme of choice in cases when either little prior
knowledge about the sensed field is available or confidence
level about the accuracy of the available knowledge is low.
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APPENDIX
A.
1
n

PROOF OF THEOREM 2

Recall that D  n−2α/(2α+1) requires k−2α ∼
Pk σz2
1/(2α+1)
and
i=1 ρi , resulting in k ∼ n
2
k σw
∼

k
X

σz2 /ρi ⇐⇒

k
X

1

∼ k

`k´
n

2
σw
∼

2
σw
P
2
2
σz (B +

2)
σw
(38)
Therefore, the statement of the theorem can be proved by
finding a solution of the following optimization problem
i=1

min

Γ =

i=1

k
X

nψi λi

nψi λi

i=1

k
X

s.t.

i=1

1
nψi λi

= k

2
σw
P
2
2
σz (B +

2)
σw

From arithmetic-geometric-harmonic means inequality [7],
we have that
k
1X
k
nψ λi ≥ Pk
k i=1 i
i=1 n

(39)

1

ψi λi

and since
get

Pk

1
i=1 nψ λi

Γ =

is constrained to be k

i

k
X
i=1

nψi λi ≥ k

2
σw
P
2 (B 2 +σ 2 )
σz
w

2
σz2 (B 2 + σw
)
2
σw P

, we

(40)

Moreover, the inequality in (39) reduces to an equality if
and only if [7]
nψ1 λ1 = · · · = nψk λk =

2
σz2 (B 2 + σw
)
2P
σw

(41)

Thus, by putting k = n−2α/(2α+1) in (40), we get the first
part of theorem and (41) implies that {λi = σz2 (B 2 +
2
2
σw
)/(nψi σw
P ) ∼ 1/nψi }ki=1 is the only set of λi ’s that
achieves the lower bound for Γ.

